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We show that a gap parameter can fully describe the merging of Dirac cones in semi-Dirac
materials from K- and K′-points into the common M -point in the Brillouin zone. We predict
that the gap parameter manifests itself by enhancing the thermoelectric figure of merit zT as the
chemical potential crosses the gap followed by a sign change in the Seebeck coefficient around the
same point. Subsequently, we show that there is also a trade-off feature between the maximum
power delivered and the efficiency when the chemical potential crosses the gap parameter. An
optimal operating point that minimizes the power-efficiency trade-off is consequently singled out for
the best thermoelectric performance. Our work paves the way for the use of 2D semi-Dirac materials
for thermoelectric applications.
In the past decade, research on Dirac semimetals has
been at the center of condensed matter physics. A
Dirac semimetal hosts massless Dirac fermions for which
graphene1,2 has since been a benchmark. Besides the ap-
parently linear dispersion in most Dirac semimetals, some
also show additional properties like tilted Dirac cones
as seen in organic compounds α-(BEDT-TTF)2I33–6, 8-
Pmmn borophene7–9. Also, in some engineered 2D ma-
terials (called semi-Dirac materials), such as TiO2/V2O3
nanostructures10, and dielectric photonic systems11 and
hexagonal lattices in the presence of a magnetic field12, it
has been realized that the dispersion exhibits a simulta-
neous massless Dirac and massive fermion characteristics
along two different directions.
Recent studies also reveal that a semi-Dirac disper-
sion can be engineered in some honeycomb based lattices
like silicene13 through a covalent addition of group-VI
elements. We show that a tight binding Hamiltonian14
that includes different hopping strengths through differ-
ent types of bonds in oxygen adsorped silicene reveals
the merging of the Dirac cones from the K- and K ′-
points into a common M -point. This further results in
the semi-Dirac dispersion around the M -point. We later
show that this entire process of Dirac cone merging is
fully described by a gap parameter. The impact of gap
parameter has also been shown to result in a giant opti-
cal conductivity in semi-Dirac materials15. Furthermore,
a number of interesting properties have also been pre-
dicted which attribute to the unique anisotropic disper-
sion nature of semi-Dirac semimetals. Besides the plau-
sible anisotropic transport properties such as diffusion16,
optical conductivity15, semi-Dirac materials also show
the appearance of distinct Landau-level spectra under a
magnetic field12,17. In this work, we demonstrate how to
exploit this unique feature of the merging of Dirac cones
to enhance and optimize the thermoelectric device per-
formance featuring semi-Dirac materials.
One of the challenges in designing thermoelectric de-
vices is obtaining optimal conditions that ensure the op-
eration of the thermoelectric nanodevice with maximum
power at the best possible efficiency. The maximum ef-
ficiency of the system depends on the figure-of merit zT
of the system which is defined as zT = L0S
2
κ T , where
L0 is the electronic conductivity, S is the Seebeck co-
efficient and κ is the thermal conductivity of the sys-
tem. Attempts have been made to enhance the zT -
value of several thermoelectric devices by decreasing the
thermal conductivity in several alloyed, nanostructured,
nanocomposite materials, magnetic graphene and hexag-
onal boron phosphide bilayer18–23. In this letter, using
a 2D semi-Dirac based nano-thermoelectric device, we
present results that suggest the possibility to obtain op-
timal power and efficiency besides the enhancement of
FIG. 1. (a) Top view and (b) side view of the crystal structure
of silicene oxide. The green and blue spheres represent silicon and
adsorbed oxygen atoms, respectively. (c) The nearest hopping pa-
rameters in the honeycomb lattice and the first Brillouin zone with
different high-symmetry points. (d-i) The dispersion along the di-
rections K →M → K′ (d,f,h) and Γ→M → Γ′ (e,g,i).
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2the thermoelectric parameters. Such trade-off features
between the power and efficiency has also been reported
in interacting quantum dot thermoelectric setups24,25.
We begin by understanding how to engineer a semi-
Dirac dispersion in certain honeycomb lattices by oxi-
dizing or chemically adsorbing them with other atoms.
This is sustained by the possibility that some honeycomb
based lattices such as silicene, germanene and stanene
can be easily oxidized or chemically adsorbed by virtue
of their buckled structure26–30. In the case of silicene,
a covalent addition of a group-VI element such as oxy-
gen results in a silicene oxide with the chemical formula
of Si2O. The crystal structure of Si2O is shown in Fig.
1, with the top view 1(a) and the side view 1(b). The
blue and green spheres represent the silicon and adsorbed
oxygen atoms respectively. One way to realize the semi-
Dirac dispersion in such a system is by adopting the tight
binding Hamiltonian14 as given below
H =
∑
P
[
t2Cˆ
†
B,PCˆA,P + t1Cˆ
†
B,PCˆA,P+A1
+t1Cˆ†B,PCˆA,P+A2
]
, (1)
where t1 is the hopping parameter between the non-
oxygen adsorped Si-Si bond (i. e. in between the Si
atoms at (0, 0) and at (±
√
3
2 ,− 12 ); setting the Si-Si bond
distance to be a = 1), and t2 is the hopping parameter be-
tween the oxygen adsorped Si-Si bond (i. e. between the
Si atoms at (0, 0) and at (0, 1)), and Cˆ†A/B,P/CˆA/B,P are
the creation/annihilation operators at the site A/B given
by the green/red sphere in Fig. [1(c)]. The enhancement
in the hopping parameter t2 is associated with the change
in Si-Si bond length after oxygen adsorption followed by
the slight weakening of the corresponding hopping pa-
rameter t1 corresponding to the Si-Si bond13.
The dispersion relation corresponds to the Hamilto-
nian in Eq. (1) is
ελ(k) = λ
√
2t21 + t22 + 2t21 cos
√
3kx + 4t1t2 cos
3
2
ky cos
√
3
2
kx,(2)
where λ = +/− represents the conduction/valence band.
The Hamiltonian in Eq. 1 helps in drawing a guideline
of understanding of the merging of Dirac cones. This is
demonstrated in Fig. 1 (d-g). The plot of the disper-
sion relation in Eq. 2 for different ratios of the hopping
parameter t1 and t2 is shown in Figs. 1 (d-i). The con-
dition t1 = t2, is an obvious case of graphene where the
Dirac nodes appear at all K and K ′ points in the Bril-
louin zone. With increasing strength of the parameter t2,
the two Dirac nodes at K and K ′ move closer till they
merge at the M point when t2 = 2t1 [Figs. 1 (f & g)].
The experimental realization for the merging of Dirac
cones has been observed in optical lattices31. When t2 is
slightly less than 2t1, [Figs. 1 (d & e)], the dispersion is
gapless at two points along K ′ →M → K direction and
are gapped elsewhere. The condition t2 > 2t1 represents
a gapped dispersion everywhere in the Brillouin zone as
seen in Figs. 1 (h & i) which are of interest here. From
FIG. 2. Schematic illustration of a semi-Dirac layer sand-
wiched between two graphene layers at x = 0 and x = L,
respectively.
Eq. 2 and also as evident in Figs. 1 (d-i), the dispersion
is massive in the direction K ′ → M → K and massless
along Γ′ → M → Γ. Thus the model provided by the
Hamiltonian in Eq. 1 garners a full description of the
nature of dispersion in semi-Dirac materials.
In the proximity of the M point, the Hamiltonian can
be written as
H = g · σ, (3)
where g = (αk2x − δ, vky, 0) and σ = (σx, σy, σz) are the
Pauli’s spin matrices, with α, δ and v representing the in-
verse of the quasiparticle mass along the x-direction, the
system gap parameter and the Dirac quasiparticle veloc-
ity along the y-direction, respectively. The information
on the hopping strength between the corresponding near-
est atoms is well-contained in the gap parameter δ. It is
zero for t2 = 2t1, positive for t2 < 2t1 and negative for
t2 > 2t1. For δ > 0, there is a van Hove singularity in
the density of states when the energy is around δ15.
Having demonstrated the merging of Dirac cones,
we now propose a quantum thermoelectric nanosystem
based on semi-Dirac materials as shown in Fig. 2. We
consider the 2D semi-Dirac materials sandwiched in be-
tween the right and left graphene leads maintained at dif-
ferent chemical potentials and temperatures. The ther-
moelectric system as demonstrated in Fig. 2 is main-
tained at potential difference, (µ2−µ1)/e with tempera-
ture gradient ∆T . The electrical and thermal currents in
terms of the various Onsager coefficients are as follows(
j
jq
)
=
(L11 L12
L21 L22
)(
(µ2 − µ1)/e
∆T
)
. (4)
The different Onsager coefficients are given as(L11 L12
L21 L22
)
=
( L0 L1/eT
L1/e L2/e2T
)
, (5)
where in the ballistic transport regime, within the
Landauer-Büttiker approach, the coefficients Lα can be
written as18
Lα = G0
∫ pi/2
−pi/2
dφ cosφ
∫ ∞
−∞
dε(ε− µ)α
(
− ∂f
∂ε
)
ρ(ε)T (ε, φ).(6)
3Here, G0 = (e2/~)(W/pi2), ρ(ε) the density of states
in the semi-Dirac region and T (ε, φ) is the transmission
probability of the electron of energy ε, incident at an an-
gle φ. Our ballistic transport assumption remains valid
as in the case of 2D materials such as high-mobility sus-
pended or encapsulated graphene32–34. In order to cal-
culate the transmission probability, we equate the wave-
functions at the boundary x = 0 and x = L. To begin
with, the wave functions for the three regions (as demon-
strated in Fig. 2) for A and B sublattices are:
for x < 0,(
ψIA(x, y)
ψIB(x, y)
)
=
(
eik1xx + re−ik1xx
eik1xx+iφ − re−ik1xx−iφ
)
eikyy (7)
for x > 0 and x < L,(
ψIIA (x, y)
ψIIB (x, y)
)
=
(
peikxx + qe−ikxx
peikxx+iθ − qe−ikxx−iθ
)
eikyy (8)
for x > L, (
ψIIIA (x, y)
ψIIIB (x, y)
)
=
(
teik3xx
teik3xx+iφ
)
eikyy, (9)
which leads to the transmission probability as below
T (ε, φ) = 1
cos2 kx + sin2 kx (1−sin θ sinφ)
2
cos2 θ cos2 φ
. (10)
It is interesting to note that there is maximum trans-
mission probability for a normally incident right moving
electron. The value of kx as a function of energy and
angle of incident is taken depending on the nature of the
dispersion in region II. In the geometry considered in
Fig. 2, ε = λ
√
(αk2x − δ)2 − (vky)2. Taking the disper-
sive nature on the graphene side to be ε = k and con-
sidering the geometry of the problem, ky remains ε cosφ,
FIG. 3. (a & c) Plots of the Seebeck coefficient S (in units of
kB/e), maximum power (in units of [(kB∆T )2/h] ) for δ = 1
meV (solid black curve) and for δ = 10 meV (dashed blue
curve). (b & c) Color plots of the Seebeck coefficient and
maximum power as a function of chemical potential and the
gap parameter.
which ultimately leads to kx =
√
δ±
√
ε2(1−v2 cos2 φ)
α . Fi-
nally, the transmission probability is written as
T (ε, φ) = 1
cos2
[
L
√
δ±|ε|
√
1−v2 cos2 φ
α
]
+ sin2
[
L
√
δ±|ε|
√
1−v2 cos2 φ
α
]
(1−sin θ sinφ)2
cos2 θ cos2 φ
, (11)
We now explore the behavior of different thermoelectric
parameters as one alters the relative strength of the hop-
ping parameters t1 and t2. We will be exploring the
different transport properties by essentially varying the
gap parameter δ from zero to some finite positive num-
ber keeping in mind that we are still in the low energy
limit in the vicinity of theM -point. This assumption en-
sures the validity of the Hamiltonian written in Eq. (3).
The variation of the gap parameter implies a variation
in the relative strength between the hopping parameters,
t1 and t2. As discussed before, the condition t2 = 2t1
corresponds to the gap parameter δ = 0 and that δ > 0
implies t2 < 2t1. For δ < 0, the dispersion as depicted
in Fig. 1 (h & i) will not lead to significant results in
the thermoelectric coefficients since there will be no von-
Hove singularity in the density of states, as in the case
of δ > 0.
Firstly, we investigate the Seebeck coefficient S =
L1/eTL0 obtained by setting the electronic current un-
der a temperature gradient (j) to zero. We also look for
a condition to derive maximum power output from the
system, Pmax = 12S2L0(∆T )2. For optimal operation of
the thermoelectric device, its operation with the highest
possible efficiency is also to be considered. The efficiency
of the thermoelectric system is taken to be the ratio of the
power to the thermal current. Since the main objective
of the paper is to look into the operation of the system
at maximum power, we, therefore, stress on the efficiency
calculated at the maximum power which is given by35
η(Pmax) =
ηc
2
zT
2 + zT , (12)
where ηc = ∆T/T is the Carnot efficiency. The system
thermal conductivity κ appearing in the figure of merit
zT is given by κ = (L0L2 − L12)/e2TL0 which basically
is related to the variance of the quantity ε − µ. It must
be noted that the quantum effect should make the ratio
κ/TL0 differ from the usual Lorentz number thus ensur-
4FIG. 4. (a) Color plot of zT -value as a function of the gap
parameter and the chemical potential. (b) Plots of the effi-
ciency at maximum power for δ = 10 meV (dotted blue) and
δ = 1 meV (solid black). (c) Color plot of the efficiency at
maximum power as a function of chemical potential and the
gap parameter.
ing a small decoupling of electronic and thermal currents.
For our numerical analysis, we have chosen the param-
eter α = 0.0075 eV nm2, v = 0.065 eV nm and main-
taining the temperature T = 5 K. The dimension of the
semi-Dirac system is taken as (L,W ) = (40, 20) nm. We
start by analysing the behaviour of the Seebeck coeffi-
cient as a function of the chemical potential and the gap
parameter as given in Fig. (3). In the subplots (a & b)
of Fig. (3), we show the variation of the Seebeck coef-
ficients. The Seebeck coefficient exhibits a sign change
when the chemical potential µ crosses the gap parameter
δ apart from its enhancement around the point µ = δ, as
seen from Fig. 3 (a).
We then consider the maximum power that the sys-
tem can generate. Interestingly, the maximum power is
boosted whenever the chemical potential matches the gap
parameter as can be seen in Fig. 3 (c & d). In order to
get an overview of the Seebeck coefficient and maximum
power as a function of the chemical potential and the gap
parameter, we plot in Fig. (3 (b & d)) a color gradient
of the Seebeck coefficient and maximum power in the (µ,
δ)-plane. Here, the gap parameter is varied from δ = 10
meV to δ = 1 meV. Note that this variation of a gap
parameter corresponds to varying the ratio of hopping
strengths from 2t1 < t2 to 2t1 = t2.
As can be observed from Fig. 4 (a), the figure of merit,
FIG. 5. Plots of maximum power (solid black) and the effi-
ciency at maximum power (dashed blue) for the gap param-
eter set at δ = 10 meV. The region enclosed by the ellipse
represents the ideal regime of operation of the thermoelectric
device.
zT -value approaches to about 1.5 for the chemical poten-
tial close to zero. There are also peaks in the zT -value
whenever µ = |δ| whose values range from 0.5 − 1. The
efficiency when the system operates at maximum power
follows the same trend as that of the zT -value. Thus, the
best efficiency is obtained whenever the chemical poten-
tial matches the gap parameter and also is higher for µ
close to zero Fig. 4 (b). The two maximas of the effi-
ciency close to µ = 0 as seen in Fig. (4 (b & c) & 5) are
irreleveant since the power factor in these regime is well
below the maximum value at |µ| = δ. To the rescue, the
other two maximas of the efficiency at maximum power
are obtained whenever the chemical potential matches
the gap parameter (Fig. 5) where the system exhibits
the largest maximum power. Thus, it is safe to conclude
that the gap parameter in semi-Dirac materials induces
the maximum power factor with the best possible effi-
ciency in the thermoelectric nanosystem. The regime for
ideal operation of the system is indicated using two el-
lipses in Fig. 5 where there is a trade-off between the
maximum power and efficiency.
In summary, we have seen that the Dirac cones in K-
and K ′- points merge to a common M -point in semi-
Dirac materials by altering the relative strength between
the two different nearest-neighbor hopping energies, t1
and t2. We have seen that a gap parameter can fully de-
scribe the entire process of the merging of Dirac cones
in semi-Dirac materials. On examining the effect on
the thermoelectric properties, we first note that the See-
beck coefficient changes its sign when the Fermi energy
crosses the gap along with a corresponding boost in the
power factor at µ = δ. The gap parameter results in
the enhancement of the zT -value and consequently the
efficiency at maximum power. Also, there is a trade-off
feature between the maximum power and the efficiency
at maximum power since the highest maximum power
5obtained is also accompanied by the best possible effi-
ciency one can achieve in the semi-Dirac based thermo-
electric system. In short, this paper suggests the pos-
sibility of designing an electronic and thermal current
decoupled semi-Dirac based nanodevice that can be op-
erated to yield maximum possible power with the best
possible efficiency.
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